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INTRODUCTION
To find a bridge between short and long distances physics in the high energy QCD remains a topic of high interest. At
small transverse distances where perturbation theory can be applied QCD predicts the BFKL Pomeron [1]. More
general, the BFKL Pomeron can be seen as the basic building block of QCD reggeon field [2] theory in which
the reggeized gluon is the basic field and the Pomeron is generated as a composite state of two or more reggeized
gluons. Within this perturbative QCD reggeon field theory, the BFKL Pomeron is expected to receive corrections,
have self interactions[3] leading to Pomeron loops etc. On the other hand, high energy scattering of hadrons strongly
depends upon large transverse distances where perturbation theory is not applicable. As the most promising theoretical
concept, again Regge theory [4, 5, 6] can be used, but the parameters have to be taken from data. Most prominent and
phenomenologically successful examples include the Regge pole model of Donnachie and Landshoff [7], the reggeon
field theory model of Kaidalov et al [8], and, more recently, the two models based upon summation of Pomeron
diagrams of the Tel-Aviv [9] and the Durham group [10].
We therefore see strong evidence that in both regions - short and long transverse distances - we have the same
structure: reggeon field (RFT) which lives in one time (rapidity) and two space dimensions (transverse distances)
(these variables are conjugate to reggeon energy ω and and transverse momenta k):
S(ψ,ψ†) =
∫
dτd2xL (ψ(τ,x)ψ†(τ,x)), (1)
In its simplest version, RFT is based upon Regge poles. What is different in the two regions are the parameters of
the Regge poles (intercepts, slopes) and their interactions. Whereas at short distances they can be computed form QCD
perturbation theory 1, the parameters describing the long distance region, so far, have to taken from data.
The theoretical challenge then is to find a bridge between the two regions. Whereas in recent years much work has
been done in analyzing the short distance region, less is known for the long distance region [4, 5, 6]. Here we want
to address the following question: can RFT be considered a useful effective description which can be linked to QCD
starting from the knowledge of its formulation (fields and symmetries)?
The tool we are going to use is the renormalisation group technique in an essentially wilsonian form, i.e. we shall
make use of the effective average action (EAA) description [11], which allows to study the change of the generator of
the proper vertices of the theory as one integrates over the ultraviolet field modes. The analysis of the flow equation for
the effective average action has successfully been applied to numerous problems in statistical mechanics, in particle
physics, and in quantum gravity.
1 At short distancees perturbative QCD is described by the BFKL Pomeron; if one imposes boundaries in the IR region, the BFKL Pomeron turns
into a sequence of Regge poles with intercepts greater than one
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The EEA, Γk[φ ], belongs to a space of functionals which depends on the field φ and symmetry content of a theory
as well as on the momentum space infrared cutoff k which controls the range of modes which are integrated out. For
k> 0 the infrared region is regulated by some regulator operator Rk which is associated to a quadratic form. In the limit
k→ 0 one finds the full effective action of the theory. In general the EAA is a non local functional, in the sense that
cannot be written in terms of a local lagrangian, exactly as its standard effective action counterpart. Nevertheless many
properties of the dynamical flow can be studied using some simplifications, i.e. choosing a truncation which consists
in projecting the functional on a subspace. Several classifications of such projections have been proposed. One of the
most popular is based on a derivative expansion, which starts from the so called local potential approximation (LPA),
where apart from a simple kinetic term describing the propagation of the fields, one allows for a pure local potential
term Vk in the lagrangian.
The flow equation [11] reads in general
k∂kΓ[φ ] =
1
2
Tr
[(
Γ(2)[φ ]+Rk
)−1
k∂kRk
]
(2)
and allows to study two important features of the dynamics: first one may ask which are the functionals which are
invariant under the flow (the fixed point of the flow) and how the flow behaves close to it (the critical exponents
predicting a universal behavior), second one can study the flow from some bare condition close to the UV region
towards the IR region and investigate the approximated form of the effective action, depending on the different regions
(phases) one starts from. The first kind of analysis has to be done in terms of dimensionless quantities, keeping in
mind that many physical aspects have to deal with dimensionful ones. Let us stress that a fixed point can be realised in
both the UV or IR regions and that there might exist a particular flow which connects two such points. In this language
a theory is renormalizable (finite and predictive) if there exist a UV fixed point with a finite number of relevant
directions (eigenvectors of the associated linearized flow with positive critical exponents), since a flow starting close
to such a fixed point towards the IR will span a finite dimensional subspace, any point on which will be fixed by a finite
number of measurements. In this framework one may introduce a concept of emergence of an effective theory from a
microscopic "more" fundamental one. Starting from the fields of the fundamental d.o.f. one may see that a convenient
description arises performing a change of field variables, with new symmetries for the new degrees of freedom (d.o.f.).
This may happen at some point of the microscopic wilsonian flow which will correspond also to a point of the space
of the emergent effective theory. At this stage the flow towards the IR will be conveniently governed by the universal
properties of the new emergent theory.
As discussed above, our ultimate goal is the understanding of the transition from small to large distances in relation
to high energy QCD processes. A reasonable first step is the analysis of the extreme limit of large transverse distances
and high energies. In a second step one will hope to address the most difficult part, the transition from one limit to the
other.
We therefore start by using the framework of RFT and address the question whether it may provide a good
description in the limit of asymptotic large rapidity and transverse distances. We first analyse the fixed point structure
of the Wilsonian flow for the EAA, together with its associated critical exponents. We shall employ a rather drastic LPA
truncation, eventually slightly correcting it with the LPA’, which consists in adding to it an approximate knowledge of
the anomalous dimensions. Furthermore, in this first step we use, as a further approximation, a polynomial expansion
for the potential.
In the following we present a brief outline of our calculations and discuss the first results.
RFT MODEL
As anticipated, we shall work in a truncation at the lowest order in the derivative expansion, so that the effective action
in terms of the pomeron field ψ reads
Γk[ψ†,ψ] =
∫
dDxdτ
(
Zk(
1
2
ψ†∂↔τ ψ−α ′kψ†∇2ψ)+Vk[ψ†,ψ]
)
, (3)
where τ is the rapidity, the dimension d of the transverse space will be mainly specialized to D= 2, and the potential
Vk has the following general properties:
(1) Vk is symmetric under the interchange ψ ↔ ψ†, (2) for real values of ψ and ψ†, the real part of Vk is symmetric
under ψ →−ψ , ψ†→−ψ†, the imaginary part odd.
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FIGURE 1. Fixed point structure and vector field for the system of ODE for the cubic truncation (µ ,λ couplings). The arrows
point to the IR direction.
In order to tackle in the simplest possible way the problem we shall employ a polynomial expansion. This can be
done conveniently around some stationary point of the potential, which can be seen in perturbative terms as a vacuum
state. One can consider both an expansion around a zero field (trivial) or around a non zero field (non trivial). Let us
stress that in both cases such an expansion will be valid only within some radius of convergence. In the former case
one can write
V [ψ†,ψ] =−µψ†ψ+ iλψ†(ψ†+ψ)ψ+g(ψ†ψ)2+g′ψ†(ψ†2+ψ2)ψ
+iλ5ψ†
2 (ψ†+ψ)ψ2+ iλ ′5ψ†(ψ†3+ψ3)ψ+ ... (4)
Choosing the Pomeron trajectory function α(t =−q2)=α(0)−α ′q2 we see the relation between the ’mass’ parameter
µ and the intercept µ = α(0)− 1. We note here that the theory defined by this potential has a non Hermitian
Hamiltonian (but PT symmetric [12]).
The flow of the potential can therefore be extracted in the constant field (both in rapidity and transverse space)
approximation. We shall employ a cutoff operator whose Fourier representation Rk(ω,q2) = Zkα ′k(k
2−q2)Θ(k2−q2),
so that the quantum modes are regulated using the so called optimised cutoff in transverse space and a "mass" cutoff
in rapidity space. To move to dimensionless quantities we shall use [x] = k−1 and [τ] = E−1 so that [ψ] = [ψ†] = kD/2
and [α ′] = Ek−2 and ψ˜ = Z
1
2
k k
−D/2ψ , V˜k = Vkα ′kkD+2
.
We shall not give here the detailed expressions for the PDE which describes the flow of V˜k nor the set of coupled
ODEs which describe, for the polynomial approximation, the flow of the couplings such as µ , λ , · · ·, but simply
describe few of the results we obtain.
As one interesting result, we find numerical evidence for the existence of a fixed point in the multi-dimensional
space of coupling constants, which has one relevant direction (i.e. one negative eigenvalue, all other directions with
positive eigenvalues), independen of the order of the polynomial. We show here the simplest case of an effective
average potential which includes only terms of interactions up to cubic order: the vector field plot (Fig. 1) shows a non
trivial fixed point which, if one neglects the anomalous dimensions, is located at (µ∗ = 0.11111, λ ∗ =±1.0503). The
linearized RG flow at this fixed point is governed by the the properties of a stability matrix, which has the following
eigenvalues (θ ) and eigenvectors (v): µ
∗ λ ∗ θ1 θ2 v1 v2
0.00 0.00 −2.00 −1.00 (−1,0) (0,−1)
0.11 +1.05 +2.39 −1.89 (−0.108,−0.994) (−0.779,+0.674)
0.11 −1.05 +2.39 −1.89 (+0.108,−0.994) (−0.779,−0.674)
 (5)
We note that we have studied also higher order truncations, and these stability properties (one negative eigenvalue, all
other directions with positive eigenvalues) persist. In particular for polynomials of order 3,4,5 we find for the negative
eigenvalue respectively (-1.89,-1.69,-1.45). Similar results are obtained also analysing the flow ofVk from a polynomial
expansion around a non "trivial vacuum". We note in this case a very strong improvement on the convergence with the
increase of the order of the polynomial.
As our main result we have found that there exist a non trivial interacting fixed point (for dimensionless quantities)
with one single relevant direction associated to it. Moereover, the µ-value associated with the fixed point is positive,
i.e. the corresponding intercept is greater than one. The latter matches the fact that in the UV region (short distance
region) the BFKL Pomeron predicts an intercept greater than one.
These results allow for two possible interpretations:
(i) the fixpoint is seen is a UV fixed point (of the emergent theory, so that it is a "would be" FP) and if the flow of
the fundamental QCD theory in the ultraviolet region places, in the new description, the "bare" emergent theory in
some region around this fixed point, the flow will be governed by the corresponding universal behavior. One relevant
direction means that with one IR measure one could fix such a RFT description.
(ii) the fixpoint is interpreted as a IR fixed point. The fact that the relevant direction drives away from it could be
avoided only if - for some reason to be explained- the fundamental theory in the ultraviolet region would be fine-tuned
such that the "bare" RFT action lies on a ’critical surface’: In the multi-dimensional space of coupling constants this
critical surface is defined to be orthogonal to the one-dimensional relevant direction, and for all trajectories inside
this surface the fixpoint is attractive in the IR region. A solution inside this critcal surface maybe related to the
scaling solutions of ’critical reggeon field theory’ which have been studied in [5, 6] in the vicinity of four transverse
dimensions. One might guess that for such a scenario a possible reason could be the unitarity of the fundamental theory
(QCD).
Finally we would like to stress that, so far, our discussion has been formulated in terms of dimensionless parame-
ters. Physical quantities, i.e. the value of the Pomeron intercept, carry dimension. In order to determine, for the two
scenarios described above, physical observables, we have to solve the flow equations (2) for the Pomeron Green’s
function. Work along these line is in progress and will be published elsewehere.
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